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Abstract
In the paper, we study evolution equations of the scalar and Ricci curvatures under
the Hamilton’s Ricci flow on a closed manifold and on a complete noncompact manifold.
In particular, we study conditions when the Ricci flow is trivial and the Ricci soliton is
Ricci flat or Einstein.
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subharmonic and superharmonic functions, Ricci soliton
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1 Introduction
R.Hamilton introduced in [15] an evolution equation method, which is called the Hamilton’s
Ricci flow, and proved that every closed (i.e., compact without boundary) three-dimensional
Riemannian manifold with positive Ricci curvature admits a metric of constant positive
curvature. His work immediately led many mathematicians to study the Hamilton’s Ricci
flow and other evolution equations arising in differential geometry. Self-similar solutions to
the Hamilton’s Ricci flow are called the Ricci solitons, they play an important role in the
study of singularities of the flow. Over the past two decades, the geometry of Ricci solitons
is the focus of attention of many mathematicians (see, for example, [8, 16]). In the present
paper, we consider the evolution equations of the scalar and Ricci curvatures on a closed
and complete noncompact manifolds under Hamilton’s Ricci flow. In particular, we study
conditions when the Hamilton’s Ricci flow is trivial. For this, the concept of a stochastic
complete metric is used. We also consider applications of the obtained results on Hamilton’s
Ricci flow in the theory of Ricci solitons. In particular, we study conditions when a Ricci
soliton is Einstein or trivial. One of the attractive aspects of the work: the results on the
Hamilton’s Ricci flow (Lemmas 1 and 2) have their analogues in the theory of Ricci solitons
(Theorems 1 and 4).
2 Evolution of the scalar curvature under the Ricci flow
Given a smooth manifold M with a family g(t) of Riemannian metrics, defined for a time
interval J ⊂ [0,∞), the Hamilton’s Ricci flow equation is
∂
∂t
g(t) = −2Rict . (1)
Here, Rict is the Ricci tensor of the metric g(t). It is well known that for any C
∞-metric g0
on a closed manifold M , there exists a unique solution g(t), t ∈ J = [0, ε), to the flow (1) for
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some ε > 0 and g(0) = g0 (see [15]). Moreover, if (M,g0) is a closed Riemannian manifold
with positive scalar curvature s0 (a function on M), then for a solution g(t), t ∈ J , to (1)
with g(0) = g0 we have (see [8, p. 102])
ε ≤
n
2 smin(0)
<∞,
where smin(0) = min
x∈M
s0(x). Under the Hamilton’s Ricci flow, we have an evolution equation
for the scalar curvature s(t) = Tr g(t) Rict in the following form (see [8, p. 99]):
∂
∂t
s(t) = ∆g(t) s(t) + 2 ‖Rict ‖
2
g(t). (2)
Here, ∆g(t) = Tr g(t)(∇
g(t))2 is the Laplace-Beltrami operator, defined as the trace of the sec-
ond covariant derivative for the Levi-Civita connection ∇g(t) corresponding to the metric g(t)
(see also [8, p. 17]). A standard scalar maximum principle argument applied to (2) proves
that the minimum of the scalar curvature is a non-decreasing function of time t. In addition,
it shows that if smin(0) > 0 then smin(t) changes over time as follows (see also [16, p. xxii]):
smin(t) ≥ 1
/( n
smin(0)
− 2 t
)
for t ∈ J = [0, ε), where ε ≤ n2 smin(0) , and for a closed Riemannian manifold (M,g0) with
s0 > 0. Therefore, smin(t) > 0 and the following holds:
If (M,g0) is a closed Riemannian manifold with positive scalar curvature, then for a so-
lution g(t), t ∈ [0, ε), to (1) with g(0) = g0 and smin(0) > 0 we have smin(t) > 0, t ∈ [0, ε).
Throughout the paper, we consider (1) without requiring that the scalar curvature s0 is
positive.
By the following proposition, the scalar curvature cannot be a decreasing (in average)
function under a nontrivial Hamilton’s Ricci flow on a closed Riemannian manifold.
Lemma 1. Let M be a smooth closed manifold with the Hamilton’s Ricci flow (1) for a fami-
ly g(t) of Riemannian metrics defined on a time interval J ⊂ [0,∞). If the scalar curvature
s(t) for t ∈ J is a decreasing in average function under the flow (1), that is
∫
M
∂
∂t
s(t) d volg(t) ≤ 0, t ∈ J, (3)
then the flow is trivial.
Proof. From (2) and (3) we obtain
∫
M
∆g(t) s(t) d volg(t) ≤
∫
M
[
∆g(t) s(t)−
∂
∂t
s(t)
]
d volg(t) = −2
∫
M
‖Rict ‖
2
g0
d volg(t) ≤ 0.
(4)
Since
∫
M
∆g(t) s(t) d volg(t) = 0 (by Stokes’s theorem), then from (4) we conclude that Rict ≡
0, in particular, s(t) ≡ 0. In this case, the Hamilton’s Ricci flow (1) is trivial.
Self-similar solutions to Hamilton’s Ricci flow (1) are called the Ricci solitons, they evolve
only by diffeomorphisms and scaling (see [16, p. 38]). Namely, consider a one-parameter
family of diffeomorphisms ϕ : (t, x) ∈ R × M → ϕt(x) ∈ M that is generated by some
smooth vector field ξ on M . The evolutive metric
g(t) = σ(t)ϕ∗t (x) g(0)
for a positive scalar σ(t) such that σ(0) = 1 and g(0) = g0 is a Ricci soliton if and only if
the metric g0 is a solution of the nonlinear stationary PDE
− Ric0 =
1
2
Lξ g0 + λ g0, (5)
2
where Ric0 is the Ricci tensor of g0, Lξ g0 is the Lie derivative of g0 with respect to ξ and
λ ∈ R (e.g., [16, p. 38]). We denote the Ricci soliton in the following way: (M,g0, ξ, λ).
A Ricci soliton (M,g0, ξ, λ) is called steady, shrinking and expanding if λ = 0, λ < 0 and
λ > 0, respectively. In addition, (M,g0, ξ, λ) is called Einstein if Lξ g0 = 0, and it is called
trivial if ξ ≡ 0.
Remark 1. Any Ricci soliton (M,g0, ξ, λ) for a closed manifold M is a fixed point of the
Hamilton’s Ricci flow (1) projected from the space of Riemannian metrics onto its quotient
modulo diffeomorphisms and scalings, and often arises as blow-up limits for the Hamilton’s
Ricci flow on a closed manifold.
A gradient Ricci soliton is a smooth complete Riemannian manifold (M,g0) such that
there exists a function f ∈ C∞(M), sometimes called a potential function, satisfying the
condition ξ = ∇g0f = (df)♯, where ♯ corresponds to raising indices of a tensor, therefore
(see [10])
− Ric0 = Hessf + λ g0. (6)
In this case, we will use the notation (M,g0, f, λ). By means of the Perel’man work [17], we
have the following theorem (see also [10, Theorem 3.1]): Every Ricci soliton (M,g0, ξ, λ) for
a closed manifold M is a gradient Ricci soliton.
Theorem 1. Let (M,g0, f, λ) be a gradient Ricci soliton on a closed manifold M with the
following condition on the scalar curvature s0 in the direction of a vector field ξ = ∇
g0f :
∫
M
ξ(s0) d volg0 ≤ 0. (7)
Then (M,g0, f, λ) is an Einstein soliton.
Proof. From (6) we obtain ∆¯f = s0 + nλ for the connection Laplacian ∆¯ = −Tr g0(∇
g0)2.
Since ξ(s0) = g0(∇
g0f,∇g0s0), the following equalities hold:
∫
M
ξ(s0) d volg0 = −
∫
M
s0∆¯f d volg0 =
∫
M
(∆¯f − nλ)∆¯f d volg0 =
∫
M
(∆¯f)2 d volg0 ≥ 0.
(8)
Then from (7) and (8) we obtain ∆¯f = 0. In this case, f = const by the Bochner maximum
principal (see [4, p. 30–31]). Then, from (6) we conclude that Ric0 = −λ g0 = (s0/n) g0, i.e.,
(M,g0) is an Einstein manifold.
The length ‖∇f‖ of the gradient of a scalar function f on M characterizes the rate of
change of f . In our case, the scalar curvature s0 is “decreasing in average” in the direction
of ξ = ∇f .
Remark 2. In [5] it was proved that any closed steady or expanding Ricci soliton is Einstein.
Therefore, Theorem 1 concerns only a shrinking Ricci soliton. Moreover, Theorem 1 can be
considered as a consequence of Lemma 1. Note that the condition (7) in Theorem 1 can be
replaced by the more strict condition s0 = const. Therefore, a shrinking Ricci soliton with
constant scalar curvature on a closed manifold is an Einstein soliton.
Besides studying the Hamilton’s Ricci flow on a closed manifold, we shall consider the flow
(1) on an open (i.e., noncompact complete) manifold. Namely, a solution g(t), t ∈ J ⊂ [0,∞),
of (1) will be called complete if for each t ∈ J the Riemannian metric g(t) is complete (see
[8, p. 102]). On the other hand, a solution g(t), t ∈ J , of (1) will be called stochastically
complete if for each t ∈ J the metric g(t) is stochastically complete. Let us dwell in more
detail on the concept on stochastically complete Riemannian manifolds (see [12, 13, 14]).
Let (M,g(t)) be a connected, open Riemannian manifold for some t ∈ J ⊂ [0,∞).
Consider a diffusion process on (M,g(t)), generated by the Laplace-Beltrami operator ∆g(t),
which is absorbing at infinity. If the probability of the absorption at ∞ in a finite time is
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zero, then (M,g(t)) is called stochastically complete. The main result of [13] is the following:
Let (M,g(t)) be geodesically complete and
∫∞
0
(
R/ lnVR(t)
)
dR =∞, where VR(t) is the g(t)-
volume of the geodesic sphere of radius R and fixed center. Then (M,g(t)) is stochastically
complete.
Remark 3. There are other criteria for the stochastic completeness of a manifold (e.g., [18]).
We refer the reader to the excellent review [14] for an exhaustive exposition of the theory of
stochastically complete manifolds.
Theorem 2. Let M be a smooth manifold with the Hamilton’s Ricci flow (1) for a family
g(t) of stochastically complete Riemannian metrics defined on a time interval J ⊂ [0,∞). If
for each t ∈ J , the scalar curvature s(t) is a nonnegative function from L1(M,g(t)) and
∂
∂t
s(t) ≤ 0, t ∈ J, (9)
holds then the flow is trivial.
Proof. By (4), s(t) is a superharmonic function (see [12, p. 233]). In turn, if (M,g(t)), t ∈ J ,
is stochastically complete then any nonnegative superharmonic function u(t) ∈ L1(M,g(t))
is a constant (see [13]; [12, p. 234]). In particular, the nonnegative scalar function s(t) ∈
L1(M,g(t)) is constant, thus ∆g(t) s(t) ≡ 0, and from (4) obtain Rict ≡ 0 for t ∈ J . In this
case, the flow (1) is trivial.
In turn, S.T. Yau proved that a complete Riemannian manifold with the Ricci curvature
bounded below is stochastically complete (see [28]). Then we have the following
Corollary 1. Let M be a smooth manifold with the Hamilton’s Ricci flow (1) for a family
g(t) of complete Riemannian metrics defined on a time interval J ⊂ [0,∞). If for each t ∈ J ,
the Ricci tensor Rict is bounded below, the scalar curvature s(t) is a nonnegative function
from L1(M,g(t)) and (9) holds, then the flow is trivial.
Recall that the kinetic energy E(ξ) of the flow on a Riemannian manifold (M,g) generated
by a vector field ξ is given, in accordance with [1, p. 2], by
E(ξ) =
1
2
∫
M
‖ξ‖2 d volg,
where ‖ξ‖2 = g(ξ, ξ). The energy E(ξ) can be infinite or finite. For example, E(ξ) < ∞ for
a smooth complete vector field ξ on a closed manifold (M,g). Recall that a vector field ξ
on a Riemannian manifold (M,g) is an infinitesimal harmonic transformation if the flow of
ξ consists of harmonic diffeomorphisms of (M,g) (see [23]). The Laplace-Beltrami operator
∆(‖ξ‖2) for an infinitesimal harmonic transformation ξ has the form (see [22, 24, 25, 20])
(1/2)∆(‖ξ‖2) = ‖∇ξ‖2 − Ric(ξ, ξ). (10)
In particular, for an arbitrary Ricci soliton (M,g, ξ, λ) its vector field ξ is an infinitesimal
harmonic transformation (see [21]). Therefore, the equation (10) is also valid for the vector
field ξ of a Ricci soliton (M,g, ξ, λ). We use the second Kato inequality (see [2, p. 380])
− ‖ξ‖∆(‖ξ‖) ≤ g(∆¯θ, θ), (11)
where θ is the 1-form g-dual to ξ. Recall that the Yano Laplacian has the form (see [26, p.
40])
 θ = ∆¯ θ − Ric(ξ, ·),
therefore, ∆¯θ = Ric(ξ, ·) for the vector field ξ of a Ricci soliton (M,g, ξ, λ). Then, from
(11) we get the inequality
‖ξ‖∆(‖ξ‖) ≥ −Ric(ξ, ξ). (12)
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Theorem 3. Let (M,g0, ξ, λ) be a complete Ricci soliton with the Ricci curvature Ric0(ξ, ξ) ≤
0 and finite kinetic energy E(ξ), then (M,g0) is Einstein. In addition,
• if (M,g0, ξ, λ) is shrinking or expanding then it is trivial.
• if (M,g0, ξ, λ) is steady and Vol(M,g0) =∞ then it is trivial.
Proof. Using [27, Theorem 3], we find from (12) that if Ric0(ξ, ξ) ≤ 0 and E(ξ) < ∞ then
‖ξ‖g0 = C for some constant C ≥ 0, and hence Ric0(ξ, ξ) = 0. In this case, from (10) we
obtain ∇ξ = 0. Therefore, we can conclude from (5) that Ric0 = −λ g0, hence the Ricci
soliton (M,g0, ξ, λ) is Einstein. In this case, 0 = Ric0(ξ, ξ) = −λ ‖ξ‖
2
g0
. Therefore, if λ 6= 0
then ξ = 0, and thus the Ricci soliton (M,g0, ξ, λ) is trivial. At the same time, if λ = 0 and
Vol(M,g0) =∞ then we get the equality
E(ξ) =
1
2
C2
∫
M
d volg0 =∞,
which contradicts the assumption E(ξ) < ∞. In this case, C = 0; hence, the Ricci soliton
(M,g0, ξ, λ) is trivial.
3 Evolution of the Ricci tensor under the Ricci flow
The evolution of the Ricci tensor under the flow (1) has the form (see [8, p. 112])
∂
∂t
Rict = ∆
S
g(t)Rict, (13)
where ∆S
g(t) : C
∞(S2M) → C∞(S2M) is the Sampson Laplacian (see [23, 20]). The Lapla-
cian ∆S
g(t) = δ δ
∗ − δ∗ δ acts on the vector bundle SpM of covariant symmetric p-tensors
for p ≥ 1, where δ∗ = (p + 1)Sym∇g(t) with the ordinary operator of symmetrization
Sym :
⊗p T ∗M → SpM , and δ : C∞(Sp+1M) → C∞(SpM) is the divergence operator
(see [3, p. 55; 356]). Moreover, ∆S
g(t) admits the Weitzenbo¨ck decomposition
∆Sg(t) = ∆¯g(t) −ℜp,
where ℜp is the Weitzenbo¨ck curvature operator of the Lichnerowicz Laplacian ∆
L
g(t) =
∆¯g(t) + ℜp restricted to covariant symmetric p-tensors. For example, if ϕij = ϕ(ei, ej)
are local components of an arbitrary ϕ ∈ C∞(S2M) with respect to an orthonormal basis
{e1, . . . , en} of TxM at a point x ∈M , then
ℜ2(ϕ) = −2ϕklRkijl(t) + ϕkjRki(t) + ϕkiRkj(t)
for the local components Rkijl(t) and Rki(t) of the curvature tensor Rm(t) and the Ricci
tensor Rict. In addition, the identity Tr g(t)(∆
S
g(t) ϕ) = ∆
S
g(t)(Tr g(t) ϕ) holds for any ϕ ∈
C∞(SpM).
Lemma 2. Let M be a closed smooth manifold with the Hamilton’s Ricci flow (1) for a
family g(t) of Riemannian metrics, defined on a time interval J ⊂ [0,∞). If the inequality
Tr g(t)
( ∂
∂t
Rict
)
≥ 0 (14a)
or
Tr g(t)
( ∂
∂t
Rict
)
≤ 0, (14b)
is satisfied for each t ∈ J , then the flow is trivial.
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Proof. From (13) we obtain
Tr g(t)
( ∂
∂t
Rict
)
= ∆¯g(t) s(t), (15)
because Tr g(t)(∆
S
g(t) ϕ) = ∆¯g(t)(Tr g(t) ϕ) for any ϕ ∈ C
∞(S2M). If we suppose (14a) or
(14b) for each t ∈ J , then by (15) we obtain ∆¯g(t) s(t) ≥ 0 or ∆¯g(t) s(t) ≤ 0, respectively.
For a closed manifold M , by the Bochner maximum principle (see [9, p. 30–33]; [26, p. 39])
we find s = const. In this case, the flow (1) is trivial.
Next, if we assume the inequality (14a) then from (15) we obtain ∆¯g(t) s(t) ≥ 0. In this
case, ∆g(t) s(t) = −∆¯g(t) s(t) ≤ 0 according to definitions of Bochner and Laplace-Beltrami
Laplacians; therefore, s(t) is a superharmonic function.
Proposition 1. Let M be a smooth manifold with the Hamilton’s Ricci flow (1) for a family
g(t) of stochastically complete Riemannian metrics defined on a time interval J ⊂ [0,∞).
If the inequality (14a) is satisfied for each t ∈ J and the scalar curvature s(t) is a nonnegative
function from L1(M,g(t)) then the flow is trivial.
Proposition 2. Let M be a smooth manifold with the Hamilton’s Ricci flow (1) for a family
g(t) of complete Riemannian metrics defined on a time interval J ⊂ [0,∞). If for each
t ∈ J , the Ricci tensor Rict is bounded below, the inequality (14a) is satisfied and the scalar
curvature s(t) is a nonnegative function from L1(M,g(t)) then the flow is trivial.
On the other hand, let the Riemannian metric g(t) be only complete for each t ∈ J ⊂
[0,∞). From the inequality (14b) we obtain that ∆g(t) s(t) ≥ 0, i.e., s(t) is a subharmonic
function. S. T. Yau proved in [27, p. 663] the following: Let u be a nonnegative subharmonic
function on a complete manifold (M,g), then
∫
M
uq d volg = ∞ for q > 1, unless u is
constant.
In this case, we obtain the following consequence of Proposition 2.
Corollary 2. Let M be a smooth manifold with the Hamilton’s Ricci flow (1) for a family
g(t) of complete Riemannian metrics defined on a time interval J ⊂ [0,∞). If the inequality
(14b) is satisfied for each t ∈ J and the scalar curvature s(t) is a nonnegative function from
Lq(M,g(t)) for some q > 1 then the flow is trivial.
Let (M,g0, ξ, λ) be a Ricci soliton on a closed manifoldM . In [24], the following formula
was proved: ∆¯g0 div ξ = Tr g0(Lξ Ric0) for an arbitrary infinitesimal harmonic transforma-
tion ξ. This equation can be rewritten in the form
∆¯g0 s0 = Tr g(0)(Lξ Ric0) (16)
for the case of a Ricci soliton (M,g0, ξ, λ). If Tr g(0)(Lξ Ric0) ≥ 0 (or Tr g(0)(Lξ Ric0) ≤ 0)
then we obtain s0 = const from (16) by the Bochner maximum principal (see [4, p. 30–33];
[26, p. 39]). In this case, by the Green’s formula
∫
M
(div ξ) d volg0 = 0 we get div ξ = 0,
because div ξ = s0 + nλ = const. On the other hand, the following two equations:
div ξ = 0,  θ = 0,
where θ♯ = ξ, characterize the vector field ξ as an infinitesimal isometry (see [26, p. 44]).
For this vector field ξ we have Lξ g0 = 0, hence Ric0 = −λ g0.
The following theorem can be considered as a consequence of Lemma 2.
Theorem 4. Let (M,g0, ξ, λ) be a closed Ricci soliton. If either Tr g0(Lξ Ric0) ≥ 0 or
Tr g0(Lξ Ric0) ≤ 0 then it is an Einstein soliton.
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From (16) we find ∆g0 s0 = −Tr g(0)(Lξ Ric0). Then from Tr g(0)(Lξ Ric0) ≤ 0 we obtain
∆g0 s0 ≥ 0, i.e., s0 is a subharmonic function. In this case, if the scalar curvature s0 is a
nonnegative function from Lq(M,g0) for some q > 1 then s0 is constant. On the other hand,
if Tr g(0)(Lξ Ric0) ≥ 0 holds then ∆ s0 ≤ 0, i.e., s0 is a superharmonic function.
In turn, if (M,g0) is a stochastically complete manifold and s0 is a nonnegative function
from L1(M,g0) then s0 is constant. Thus, in both cases we have
∇s0 = 0, Tr g(0)(Lξ Ric0) = 0.
From the above, we conclude that g0(Ric0,Lξ Ric0) = 0. Then, from (5) we get ‖Ric0 ‖
2 =
−λ s0, where s0 is a nonnegative constant. Therefore, if λ > 0 or λ = 0 then Ric0 = 0,
hence (M,g0, ξ, λ) is Ricci flat. Moreover, if s0 = 0 then Ric0 = 0, so (M,g0, ξ, λ) is also
Ricci flat. Therefore, we can formulate the following
Theorem 5. Let (M,g0, ξ, λ) be a steady or expanding Ricci soliton with nonnegative
scalar curvature s0. If either (M,g0) is complete with s0 ∈ L
q(M,g0) for some q > 1
and Tr g(0)(Lξ Ric0) ≤ 0, or (M,g0) is stochastically complete with s0 ∈ L
1(M,g0) and
Tr g(0)(Lξ Ric0) ≥ 0, then (M,g0) is Ricci flat.
Remark 4. Recall [11] that a complete noncompact gradient Ricci soliton (M,g0, f, λ)
is stochastically complete. Moreover, a complete, expanding gradient Ricci soliton with
nonnegative scalar curvature s0 from L
1(M,g0) is isometric to Euclidean space, see [19].
Thus, Theorem 5 is an analogue of this statement for a non-gradient, expanding Ricci soliton.
Let (M,g0, f, λ) be a complete gradient shrinking Ricci soliton, then its scalar curvature
s0 is nonnegative (see [7]). In addition, if (M,g0, f, λ) is noncompact then Vol(M,g0) =∞
(see [6]). In this case, if Tr g0(Lξ Ric0) ≤ 0 for ξ = ∇
g0f and s0 ∈ L
q(M,g0) for some q > 1,
then s0 is constant and ‖Ric ‖
2
g0
= −λ s0 (see the proof of Theorem 5). At the same time,
we have ∫
M
(s0)
q d volg0 = (s0)
q Vol(M,g0) =∞,
which contradicts to the assumption s0 ∈ L
q(M,g0) for some q > 1. In this case, s0 = 0,
thus Ric0 = 0, so (M,g0, f, λ) is Ricci flat. Therefore, the following theorem holds.
Theorem 6. Let (M,g0, f, λ) be a complete noncompact gradient shrinking Ricci soliton.
If its scalar curvature s0 ∈ L
q(M,g0) for some q > 1 and Tr g0(Lξ Ric0) ≤ 0 then (M,g0, f, λ)
is Ricci flat.
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